We study formation and superfluidity of dipolar excitons in double layer heterostructures formed by two transition metal dichalcogenide (TMDC) atomically thin layers. Considering screening effects for an electron-hole interaction via the harmonic oscillator approximation for the Keldysh potential, the analytical expressions for the exciton energy spectrum and the mean field critical temperature Tc for the superfluidity are obtained. It is shown that binding energies of A excitons are larger than for B excitons. The mean field critical temperature for a two-component dilute exciton system in a TMDC double layer is analyzed and shown that latter is an increasing function of the factor Q, determined by the effective masses of A and B excitons and their reduced mass. Comparison of the calculations for Tc performed by employing the Coulomb and Keldysh interactions demonstrates the importance of screening effects in TMDC.
We study formation and superfluidity of dipolar excitons in double layer heterostructures formed by two transition metal dichalcogenide (TMDC) atomically thin layers. Considering screening effects for an electron-hole interaction via the harmonic oscillator approximation for the Keldysh potential, the analytical expressions for the exciton energy spectrum and the mean field critical temperature Tc for the superfluidity are obtained. It is shown that binding energies of A excitons are larger than for B excitons. The mean field critical temperature for a two-component dilute exciton system in a TMDC double layer is analyzed and shown that latter is an increasing function of the factor Q, determined by the effective masses of A and B excitons and their reduced mass. Comparison of the calculations for Tc performed by employing the Coulomb and Keldysh interactions demonstrates the importance of screening effects in TMDC. 
I. INTRODUCTION
When a sufficient amount of bosons at low temperatures spontaneously occupy the single lowest energy quantum state, Bose-Einstein condensation (BEC) happens. The system of interacting bosons can experience the superfluidity, caused by BEC, analogously to the superfluid helium [1] . A BEC of weakly interacting particles was achieved experimentally in dilute gases of alkali atoms. This atomic BEC can be created at the nanokelvin temperatures, which are technically challenging to achieve. The progress in the experimental and theoretical research of the BEC of dilute supercold alkali gases is reviewed in Ref. [2] .
The BEC for two-dimensional (2D) bosons with higher mass occurs at the temperatures greater than for bosons with lower mass, because the de Broglie wavelength for 2D system is inversely proportional to the square root of the mass of a particle. Therefore, BEC exists at much higher temperatures in a Bose gas of small mass particles, than in a system of relatively heavy alkali atoms. The small mass boson quasiparticles can be formed due to absorption of a photon by a semiconductor. Absorption of a photon leads to creation of an electron in a conduction band and a positive charge "hole" in a valence band. This electron-hole pair can form a bound state called an "exciton". The BEC and superfluid of such excitons are expected to exist at experimentally observed exciton densities at temperatures much higher than for the BEC of alkali atoms [3] . The BEC and superfluidity of dipolar (indirect) excitons, formed by electrons and holes, spatially separated in two parallel two-dimensional semiconductor quantum wells, were proposed [4] . The experimental observation of superfluidity of dipolar excitons in GaAs quantum wells was claimed recently [5] . The recent progress in experimental and theoretical studies of BEC of dipolar excitons in semiconductor quantum wells was reviewed [3, [6] [7] [8] .
Due to relatively large exciton binding energies in novel 2D semiconductors, such as transition metal dichalcogenides (TMDC), the BEC and superfluidity of dipolar excitons in double layers of TMDC can occur. Monolayers of TMDC such as MoS 2 , MoSe 2 , MoTe 2 , WS 2 , WSe 2 , and WTe 2 are 2D semiconductors, belonging to a class of monolayer direct bandgap materials, attract an interest due various applications in electronics and opto-electronics [9] . Since contrary to gapless graphene, TMDC monolayers have the direct gap in a single-particle spectrum exhibiting the semiconducting band structure [10] [11] [12] [13] , excitons in TMDCs can be created by the laser pumping. The ground and excited states of direct excitons in mono-and few-layer TMDCs on a SiO 2 substrate were experimentally and theoretically studied [14] . Two distinct types of excitons in TMDC layers, labeled A and B, are formed due to significant spin-orbit splitting in the valence band [15] . The excitons of type A are created by spin-up electrons from conduction and spin-down holes from valence bands. The excitons of type B are created by spin-down electrons from conduction and spin-up holes from valence bands. While the spin-orbit splitting in the valence band is much larger than in the conduction band, in the valence band the energy for spin-down electrons is larger than for spin-up electrons. The spin-orbit spitting results in the experimentally observed energy difference between the A and B excitons [9] . Therefore, A and B excitons form a two-component Bose gas in TMDCs.
High-temperature superfluidity can be observed for dipolar excitons in a heterostructure of two TMDC monolayers, separated by a hexagonal boron nitride (h-BN) insulating barrier [16] . The dipolar excitons were observed in heterostructures formed by monolayers of MoS 2 and MoSe 2 on a Si − SiO 2 substrate [17] and by monolayers of MoS 2 on a substrate constrained by hexagonal boron nitride layers [18] . The theoretical study of the phase diagram of 2D dipolar exciton condensates in a TMDC double layer was performed [19] . The high-temperature superfluidity of the two component Bose gas of A and B dipolar excitons in a transition metal dichalcogenide double layer was predicted in Ref. [20] . T c for a two-component exciton system in a TMDC double layer is about one order of magnitude higher than T c for any one-component exciton system, because for a two-component system T c depends on the effective reduced mass of A and B excitons, which is always smaller than the individual effective mass of A or B exciton [20] .
In this paper, we study the superfluidity of two-component dilute Bose gas of dipolar A and B excitons in different TMDC double layers. We search the candidates for higher temperature of superfluidity by comparing the results of the calculations for various TMDC double layers, formed by two monolayers of the same TMDC material and two different TMDC monolayers, when the transition metal atom is replaced by the other transition metal atom (e.g. for a MoS 2 /WS 2 heterostructure) or when the chalcogenide atoms are replaced by the other chalcogenide atoms (e.g. for a MoS 2 /MoSe 2 heterostructure). While an electron and a hole interact via the Coulomb potential, in general, affected by screening effects the electron-hole interaction in TMDC materials is described by the Keldysh potential [15] . In the framework of the harmonic oscillator approximation for the electron-hole interaction in TMDC double layer heterostructure we obtain the analytical expressions for the exciton energy spectrum and the mean field critical temperature of superfluidity. The calculations are performed for both the Keldysh and Coulomb potentials, describing the interactions between the charge carriers, which allows to study the influence of the screening effects on the properties of a weakly interacting Bose gas of dipolar excitons in a TMDC double layer.
The paper is organized in the following way. In Sec. II, the two-body problem for an electron and a hole, spatially separated in two parallel TMDC monolayers, is formulated, and the energy spectrum, wave functions, effective masses and binding energies for a single dipolar exciton in a TMDC double layer are obtained. The exciton-exciton interaction is analyzed in Sec. III. In Sec. IV, the mean field critical temperature of superfluidity for the two-component dilute system of dipolar excitons in a TMDC double layer is obtained and analyzed. The conclusions follow in Sec. V.
II. TWO-BODY PROBLEM FOR AN ELECTRON AND A HOLE, SPATIALLY SEPARATED IN TWO PARALLEL TMDC MONOLAYERS
We consider electrons to be confined in a 2D TMDC monolayer, while an equal number of positive holes are placed in a parallel TMDC monolayer at a distance D away. The system of the charge carriers in two parallel TMDC layers is treated as a 2D system without interlayer hopping. The electron and hole via electromagnetic interaction V (r eh ), where r eh is a distance between the electron and hole, could form a bound state, i.e., a dipolar exciton. The electronhole recombination due to the tunneling of electrons and holes between different TMDC monolayers is suppressed by the dielectric barrier with the dielectric constant ε d that separates two TMDC monolayers [20] . Therefore, the dipolar excitons, formed by electrons and holes, located in two different parallel TMDC monolayers, have a longer lifetime than the direct excitons. After projection the electron position vector onto the TMDC plane with holes and replacing the relative coordinate vector r eh by its projection r on this plane and taking into account that r eh = √ r 2 + D 2 , the potential V (r eh ) can be expressed as V (r) = V ( √ r 2 + D 2 ), where r is the relative distance between the hole and the projection of the electron position onto the TMDC monolayer with holes. Thus, a dipolar exciton can be described by a two-body 2D Schrödinger equation with potential V ( √ r 2 + D 2 ), employing in-plane coordinates r 1 and r 2 for the hole and the projection of the electron, respectively, so that r = r 1 − r 2 .
The Hamiltonian of an electron and a hole, spatially separated in two parallel TMDC monolayers with the interlayer distance D has the following formĤ
where ∆ r1 and ∆ r2 are the Laplacian operators with respect to the components of the vectors r 1 and r 2 , respectively, and m e and m h are the effective masses of the electron and hole, respectively. The problem of the in-plane motion of interacting electron and hole forming the exciton in a TMDC double layer can be reduced to that of one particle with reduced mass µ in a V (r) potential and motion of the center-of-mass of the exciton. After introducing the coordinates of the center-of-mass R of an exciton and the coordinate of the relative motion r of an electron and hole as
we represent the HamiltonianĤ ex in the form:Ĥ ex =Ĥ R +Ĥ r where the Hamiltonians of the motion of the center-of-massĤ R and relative motion of electron and a holeĤ r are given bŷ
In Eq. (3) M and µ are the exciton effective mass and reduced mass, correspondingly, defined as
The solution of the Schrödinger equation for the center-of-mass of an excitonĤ R ψ(R) = Eψ(R) is the plane wave ψ(R) = e iPR/h with the quadratic energy spectrum E = P 2 /(2M ), where P is the momentum of the center-of-mass of an exciton.
A. The harmonic oscillator approximation of Keldysh potential for a TMDC double layer
In TMDC layers due to the screening effects [15, [23] [24] [25] [26] ] the electron-hole attraction has to be described by the Keldysh potential [21, 22] . We assume the following form of the Keldysh potential [27] :
where k = 9 × 10 9 N × m 2 /C 2 , H 0 (x) and Y 0 (x) are Struve and Bessel functions of the second kind of order ν = 0, correspondingly, ε 1 and ε 2 are the dielectric constants of the dielectrics, surrounding the TMDC layer, ρ 0 is the screening length, defined by ρ 0 = 2πζ/ [(ε 1 + ε 2 ) /2], where ζ is the 2D polarizability. If the electron-hole separation is large, implying r eh ≫ ρ 0 , the potential, given by Eq. (5), has the three-dimensional Coulomb tail, while for small electron-hole distances at r eh ≪ ρ 0 it turns to a logarithmic Coulomb potential for two 2D point charges. Throughout of this paper we assume that TMDC monolayers are embedded in the same material with dielectric constant ε d and, therefore, we set ε 1 = ε 2 = ε d .
Substituting r eh = √ r 2 + D 2 into Eq. (5), assuming r ≪ D, and expanding Eq. (5) in Taylor series we obtain in the first order with respect to (r/D) 2 :
where
If we use the Coulomb potential, the potential energy of the electron-hole attraction V (r) is
Assuming r ≪ D, we approximate V (r) by the first two terms of the Taylor series and obtain
The Keldysh potential and the harmonic oscillator approximation for the Keldysh potential for electron-hole attraction in a TMDC double layer, describing the electron-hole interaction in a TMDC double layer, given by Eqs. (5) and (6), respectively, are shown in Fig. 1 . According to Figs. 1a and 1b, the difference between the potentials for different TMDC materials decreases as r increases. As seen from Fig. 1c , the harmonic oscillator approximation of the Keldysh potential is very much close to the exact Keldysh potential for small r, while it becomes larger than the exact Keldysh potential when r increases. Let us mention that indirect excitons were observed in two different MoS 2 layers separated by h-BN monolayers and surrounded by h-BN cladding layers, since h-BN monolayers are characterized by relatively small density of the defects of their crystal structure [18] . Therefore, in our calculations we consider the TMDC monolayers to be separated by h-BN insulating layers. Besides we assume h-BN insulating layers to be located on the top and on the bottom of the TMDC double layer. In this case, ε d = 4.89 is the effective dielectric constant, defined as
, where ε ⊥ = 6.71 and ε = 3.56 are the components of the dielectric tensor for h-BN [35] . Throughout of this paper we consider the separation between two layers of TMDC materials in steps of D hBN = 0.333 nm, corresponding to the thickness of one h-BN monolayer [16] . Therefore, the interlayer separation D is presented as D = N L D hBN , where N L is the number of h-BN monolayers, placed between two TMDC monolayers. In Fig. 1 the number N L = 10 of h-BN monolayers, located between two TMDC monolayers corresponds to D = 3.33 nm.
B. The dipolar exciton energy spectrum and wave functions
The solution of the Schrödinger equation for the relative motion of an electron and a holeĤ r Ψ(r) = EΨ(r) with the potential (6) is reduced to the problem of a 2D harmonic oscillator with the exciton reduced mass µ defined by Eq. (4). The eigenfunctions and eigenenergy for a single particle in the parabolic well were first determined by Fock in 1928 [29] , later in Ref. [30] , and was studied in detail in Ref. [31] . The single-particle eigenfunction for the two-dimensional oscillator was widely used for the description of a quantum dot [32] .
Following Refs. [32, 33] one obtains the radial Schrödinger equation and the solution for the eigenfunctions for the relative motion of an electron and a hole in a TMDC double layer in terms of associated Laguerre polynomials can be written as
. . are the quantum numbers, φ is the polar angle angle, and The corresponding energy spectrum is given by
At the lowest quantum state N = L = 0 as it follows from Eq. (12) the ground state energy for the exciton is given by
The important characteristics of the exciton is the square of the in-plane gyration radius r 2 X . It allows to estimate the condition when the excitonic gas is dilute enough. One can obtain the square of the in-plane gyration radius r X of a dipolar exciton [16] , which is the average squared projection of an electron-hole separation onto the plane of a TMDC monolayer as
Let us mention that the Taylor expansion of the electron-hole attraction potential in the first order with respect to 
The following inequality should hold for the Keldysh potential:
For the Coulomb potential, we have D 0 =h 2 ε d / ke 2 µ . The comparison of the latter expression for D 0 with Eq. (15) shows that in the case of the Keldysh potential D 0 depends on the screening length which is contingent on the 2D polarizability of TMDC material.
To estimate the condition of validity of the Taylor expansion we find D 0 by solving Eq. (15) . The masses of dipolar excitons and D 0 for different TMDC materials are represented in Table I . The smallest D 0 corresponds to a MoSe 2 double layer, while largest D 0 corresponds to a WS 2 double layer. The values of D 0 are smaller for A dipolar excitons than for B dipolar excitons for the same TMDC double layers. Consideration of the double layer heterostructure that consists from two different TMDC layers, when in one of the layers the transition metal atom is replaced by the other transition metal atom (e.g. for a MoS 2 /WS 2 heterostructure) or the chalcogenide atoms are replaced by the other chalcogenide atoms (e.g. for a MoS 2 /MoSe 2 heterostructure) changes the value of D 0 insignificantly.
The binding energy of an exciton depends on the effective masses of an electron and a hole that constitute the A and B excitons and the polarizability of TMDC material. In our calculations throughout of this paper we use the set of effective masses for electrons and holes and the polarizability from Refs. [28, 34] . The effective masses for the charge carriers in Refs. [28, 34] and the polarizability in Ref. [28] were obtained by employing density functional theory (DFT) calculations. Tables III and IV, 
Our calculation of the dipolar exciton binding energy by employing the harmonic oscillator approximation for the Keldysh potential for electron-hole attraction shows that the binding energy for A excitons is greater than for B excitons for the TMDC double layer heterostructure with the same monolayers. The latter is related to the fact that the effective masses of spin-down holes from the valence band are sufficiently larger than the effective masses of spin-up holes due to the strong spin-orbit coupling on the valence band of TMDCs, and the effective masses of spin-up electrons from the conduction band are slightly greater than the effective masses of spin-down electrons. Therefore, the reduced mass µ is larger for A excitons than for B excitons, which results in higher binding energies for A excitons than for B excitons. Let us mention that it is possible to create either electrons or holes in either TMDC monolayer by changing the direction of the electric field perpendicular to the plane of the double layer. Since the effective masses of electrons and holes are different for the same TMDC monolayers, the binding energy for dipolar excitons depends on a choice of a monolayer for electrons and holes, correspondingly. According to Tables III and IV, the The energy spectrum of the center-of-mass of the A (or B) dipolar exciton ε
where P is a momentum of the center of mass of a dipolar exciton, and the masses of A and B dipolar excitons are given by M A = m e↑ + m h↓ and M B = m e↓ + m h↑ , where m e↑(↓) is the effective mass of spin-up (spin-down) electrons from the conduction band and m h↑(↓) is the effective mass of spin-up (spin-down) holes from the valence band, correspondingly. 
III. EXCITON-EXCITON INTERACTION
We consider a dilute system of electrons and holes in two parallel TMDC monolayers, spatially separated by a dielectric, when nr [8] are different from bosons only due to exchange effects [3] . At large interlayer separations D, the exchange effects in the exciton-exciton interactions in a TMDC double layer are negligible, because the exchange interactions in a system of spatially separated electrons and holes in a double layer are suppressed due to the low tunneling probability, caused by shielding of the dipole-dipole interaction by the insulating barrier [20] . Therefore, the dilute system of dipolar excitons in a TMDC double layer can be treated as a weakly interacting Bose gas.
Assuming that at T = 0 K almost all dipolar excitons belong to a BEC, this two-component weakly interacting Bose gas of A and B dipolar excitons can be treated in the framework of the Bogoliubov approximation [36, 37] . Within the Bogoliubov approximation for a weakly interacting Bose gas, the many-particle Hamiltonian can be diagonalized, replacing the product of four operators in the interaction term by the product of two operators. This is valid if most of the particles belong to the BEC, and only the interactions between the condensate and non-condensate particles are considered, while the interactions between non-condensate particles are neglected. The operators for condensate bosons are replaced by numbers [36] , and the resulting Hamiltonian is quadratic with respect to the creation and annihilation operators.
Let us consider and present the expressions for the coupling constant g for the both Keldysh and Coulomb potentials for interaction between the charge carriers. When two dipolar excitons are separated by the distance R and the electron and hole of one dipolar exciton interact with the electron and hole of another dipolar exciton, then the exciton-exciton interaction potential U (R) can be presented as
where V (R) is the potential for interaction between two electrons or two holes in the same TMDC monolayer. The interaction V (R) can be given either by the Keldysh potential (5) or by the Coulomb potential. In a very dilute weakly-interacting Bose gas of dipolar excitons, implying D ≪ R, the second term in Eq. (18) can be expanded in terms of (D/R) 2 , and by retaining only the first order terms with respect to (D/R) 2 , one gets
, for the Keldysh potential,
According to the procedure presented in Ref. [20, 38] , the exciton-exciton coupling constant g in a very dilute Bose gas of A and B excitons can be obtained under the assumption that the dipole-dipole repulsion of dipolar excitons exists only at distances between excitons larger than distance from the exciton to the classical turning point. The separation between two dipolar excitons cannot be smaller than this distance, and the coupling constants for the exciton-exciton interaction is obtained as
where R 0AA , R 0BB , and R 0AB are the distances between two dipolar excitons at the classical turning point for two A excitons, two B excitons, and one A and one B excitons, correspondingly. Substituting Eq. (19) into Eq. (20), the exciton-exciton coupling constant g can be written as following
The system of equations for R 0AA , R 0BB , and R 0AB is derived in Appendix A. The system of equations (A6) has all real and positive roots only if y AA = y BB = y AB ≡ y, which implies R 0AA = R 0BB = R 0AB ≡ R 0 and g AA = g BB = g AB ≡ g. In a very dilute system, the exciton-exciton coupling constant is the same for all three possible combinations of A and B excitons, because at large distances within the dipole approximation (18) the exciton-exciton interaction potential U (R), given by Eq. (19), depends only on the charges of electrons and holes, which are the same for A and B dipolar excitons. Combining Eqs. (A4), (19) and (21), for the Keldysh potential one obtains the following transcendental equation for R 0 :
where y = R 0 /ρ 0 . For the Coulomb potential one combines Eqs. (A4), (19) , (21), implies R 0AA = R 0BB = R 0AB ≡ R 0 and derives the following expression for R 0 :
From Eqs. (23), (21) and (A1), we derive the exciton-exciton coupling constant g for the Coulomb potential
From Eq. (22) it follows that for the Keldysh potential R 0 depends on the exciton concentration and the type of TMDC material in the double layer, while for the Coulomb potential R 0 depends only on the excitonic concentration according to Eq. (23) . The corresponding dependence is replicated for the exciton-exciton coupling constant g, while
FIG. 2:
The coupling constant g and the distance R0 between two dipolar excitons at the classical turning point for different TMDC double layers as functions of the exciton concentration. The number of h-BN monolayers between the TMDC monolayers is NL = 10. The calculations were performed for the polarizabilities from Ref. [28] .
the coupling constant has the same dependence on the interlayer separation for the both potentials and is directly proportional to D 2 . The coupling constant g and the distance R 0 between two dipolar excitons at the classical turning point for different TMDC double layers as functions of the exciton concentration n for the Keldysh potential are represented in Fig. 2 . According to Fig. 2 , g increases and R 0 decreases as the exciton concentration n increases. While the values of g and R 0 are close to each other for different TMDC double layers, the largest g and R 0 correspond to a WS 2 double layer, and the smallest g and R 0 correspond to a MoSe 2 double layer. According to Fig. 2 , the difference between exciton-exciton coupling constants g for different TMDC double layers increases as the exciton concentration n increases. Since for the Keldysh potential g and R 0 depend on the TMDC material of the double layer only through the polarizability of the material and do not depend on the electrons and holes effective masses, the exciton-exciton coupling constant g does not depend on the choice of the monolayer for either electrons or holes, where the transition metal atom is replaced with the other one and/or the chalcogenide atoms are replaced with the other ones. We did not display g and R 0 for TMDC double layers, formed by the monolayers of different materials, because the results are very close to ones for two monolayers of the same TMDC material, presented in Fig. 2 .
The spectrum of collective excitations for a two-component weakly interacting Bose gas of A and B excitons was derived within the Bogoliubov approximation [20] . In the limit of small momenta P , if the densities of A and B excitons are the same and n A = n B = n/2, the spectrum of collective excitations is ε(P ) = c S P , where c S is the sound velocity. The latter one is given by [20] 
where g is a coupling constant for the interaction between two dipolar excitons, defined above by Eq. (21).
IV. SUPERFLUIDITY
The weakly interacting Bose gas of dipolar excitons in a TMDC double layer satisfies to the Landau criterion for superfluidity [36, 37] , because at small momenta, the energy spectrum of the quasiparticles is sound-like. The critical exciton velocity for superfluidity is given by v c = c S , because the quasiparticles can be created only at velocities above the sound velocity.
Within the mean field approximation, the superfluidity in the dilute system of dipolar excitons in a TMDC double layer occurs at the temperatures below the mean field critical temperature of superfluidity T c , which is given by [20] 
where k B is the Boltzmann constant, ζ(z) is the Riemann zeta function (ζ(3) ≃ 1.202), and the factor Q is defined as
In Eq. (27) 
is the reduced mass for two-component system of A and B excitons, M A and M B are the effective masses of A and B excitons, correspondingly. The mean field critical temperature of the superfluidity T c for the dipolar excitons formed via the Keldysh potential as a function of the exciton concentration n for different TMDC double layers is shown in Fig. 3 . According to Fig. 3 , T c increases as n increases. The largest T c corresponds to a WS 2 double layer, while the smallest T c corresponds to a MoSe 2 double layer, that correlated with the corresponding Q factor presented in Table V . Of course, the mean field critical temperature depends on the polarizability of TMDC material. However, the Q factor has the major impact. Interestingly enough, the corresponding binding energy for the WS 2 is smaller than for the MoSe 2 . In Fig. 3 , we show T c for the number N L = 10 of h-BN monolayers, located between two TMDC monolayers. The increase of D results in the increase of the potential barrier for electron-hole tunneling between the layers, which leads to the increase of the exciton lifetime. Besides, larger D results in the increase of the exciton dipole moment and the exciton-exciton coupling constant g. Therefore, according to Eq. (25) the sound velocity increases with the increase of g, which leads to the increase of the mean field critical temperature of superfluidity with the increase of D. As it is demonstrated in Fig. 5 , T c increases when D increases.
Let's compare the critical temperatures obtained for the Keldysh and Coulomb potentials. The mean field critical temperature of the superfluidity T c as a function of the exciton concentration n for WS 2 and MoSe 2 double layers for the Keldysh and Coulomb potentials of interaction between the charge carriers is represented in Fig. 4 . According to Fig. 4, T c 
It is important to mention that while for the Coulomb potential T c depends on the TMDC materials, forming a double layer, only through the effective exciton masses, constituting the factor Q, for the Keldysh potential T c depends on the TMDC materials also through the exciton-exciton coupling constant g, determined by the polarizability of the TMDC materials.
FIG. 3:
The mean field critical temperature of the superfluidity Tc as a function of the exciton concentration n for different TMDC double layers. The calculations were performed for the number NL = 10 of h-BN monolayers, located between two TMDC monolayers, The calculations were performed for the polarizabilities and the set of effective masses for electrons and holes from Refs. [28, 34] .
FIG. 4:
The mean field critical temperature of the superfluidity Tc as a function of the exciton concentration n for WS2 and MoSe2 double layers for the Keldysh and Coulomb potentials of interaction between the charge carriers. The calculations were performed for the number NL = 10 of h-BN monolayers, located between two TMDC monolayers. The calculations were performed for the polarizabilities and the set of effective masses for electrons and holes from Refs. [28, 34] .
The mean field critical temperature of the superfluidity T c for a WS 2 double layer under the assumption about the Coulomb potential for the interaction between the charge carriers is represented as a function of the exciton concentration n and the interlayer separation D in Fig. 5 . We choose to plot T c for a WS 2 double layer, since T c for this material is larger than for other materials at the same n and D. According to Fig. 5 , T c increases as n and D increase.
Let us mention that while for a one-component Bose gas the critical temperature of superfluidity is a decreasing function of the mass of a particle, for a two-component weakly interacting Bose gas of A and B dipolar excitons T c is an increasing function of the factor Q according to Eq. (26) , where the dependence of the factor Q on the effective masses of A and B dipolar excitons is given by Eq. (27) . The factors Q for A and B type excitons in different TMDC double layers, formed by two monolayers of the same material, are presented in Table V . The factors Q for A and B type excitons in different TMDC double layers, formed by two monolayers of two different materials, when the transition metal atom is replaced by the other transition metal atom (e.g. for a MoS 2 /WS 2 heterostructure) or when the chalcogenide atoms are replaced by the other chalcogenide atoms (e.g. for a MoS 2 /MoSe 2 heterostructure), are presented in Table VI. According to Tables V and VI , the largest factor Q corresponds to a double layer, formed by two WS 2 monolayers, while the smallest factor Q corresponds to a double layer, formed by two MoSe 2 monolayers. The critical temperature of superfluidity T c in different combinations of TMDC double layers for different densities and corresponding Q factor are shown in Table VII . Since the effective masses of electrons and holes are different for the same TMDC monolayers, the factor Q and T c depend on a choice of a monolayer for electrons and holes, correspondingly. According to Table VII, for a given TMDC double layer there is a correlation between Q and T c , implying that higher T c corresponds to the double layer with higher Q, as follows from Eq. (26) . As it can be seen in Table VII , the largest T c and Q correspond to a double layer, formed by two WS 2 monolayers, while the smallest T c and Q correspond to a double layer, formed by two MoSe 2 monolayers. In this paper we have studied the formation and superfluidity of dipolar excitons in double layer heterostructures that are formed by two monolayers of the same TMDC material and two different TMDC monolayers. In the framework of the harmonic oscillator approximation for the Keldysh potential the analytical expressions for the exciton energy spectrum and the mean field critical temperature of superfluidity are obtained. All calculations are performed by using the effective electron and hole masses and polarizability obtained within the framework of DFT approach for the TMDC material. We have calculated the binding energies for A and B dipolar excitons in various TMDC double layers, taking into account screening effects by employing the approximated Keldysh potential for the interaction between the charge carriers. The binding energy of dipolar excitons depends on the electron and hole reduced mass, the polarizability of the TMDC material and the interlayer separation between two monolayers. Since the effective masses of electrons and holes are different for the same TMDC monolayers, the exciton binding energy is larger for dipolar excitons with electrons in MoS 2 and MoSe 2 and holes in WS 2 and WSe 2 than for dipolar excitons with electrons in WS 2 and WSe 2 and holes in MoS 2 and MoSe 2 . The increase of the electron and hole reduced mass leads to the decrease of the binding energy of dipolar exciton. The mean field critical temperature of superfluidity T c for a dilute system of A and B dipolar excitons in TMDC materials are determined by the exciton-exciton coupling constant g and the factor Q, which depends of the sum of the effective masses of A and B excitons and the reduced mass for a two-component system of A and B excitons. Different effective electron and hole masses result in different effective masses of A and B excitons M A and M B , a different reduced mass µ AB for two-component system of A and B excitons, and a different factor Q. We have calculated the exciton-exciton coupling constant g and the mean field critical temperature superfluidity T c for a dilute two-component system of A and B dipolar excitons. Let us mention that T c for a two-component weakly interacting gas of A and B dipolar excitons is an increasing function of the factor Q, determined by the effective reduced mass of A and B excitons, which is always smaller than the individual effective mass of either A or B exciton. While the factor Q and T c depend on the exciton effective masses, the exciton-exciton coupling constant g and the distance between two dipolar excitons at the classical turning point R 0 do not depend on the exciton effective masses but depend on the exciton concentration and the polarizability of TMDC materials. The critical temperature of superfluidity T c , calculated by using the harmonic potential approximation of the Keldysh potential for the interaction between the charge carriers, is smaller than for the Coulomb potential due to diminishing exciton-exciton interaction by screening effects, taken into account by the Keldysh potential. These screening effects lead to the decrease of the exciton-exciton coupling constant, which results in the decrease of T c . The largest mean field critical temperature T c of two-component superfluidity of A and B dipolar excitons was obtained for a WS 2 double layer, while the smallest T c was obtained for a MoSe 2 double layer. For a given 2D exciton concentration n and interlayer separation D, the TMDC double layer with higher T c corresponds to the double layer with higher Q. By comparison of the exciton-exciton coupling g and the mean field critical temperature T c of superfluidity calculated by using the Keldysh and Coulomb potential for the interaction between the charge carriers, one can study the influence of the screening effects on a weakly interacting gas of dipolar excitons in a TMDC double layer. In this appendix, we analyze the interactions in a two-component weakly interacting gas of A and B dipolar excitons and derive the system of equations for R 0i .
The chemical potentials µ A and µ B for A and B excitons, respectively, of the weakly interacting Bose gas of dipolar excitons within the Bogoliubov approximation are represented as [20] µ A − A A = g AA n A + g AB n B , µ B − A B = g BB n B + g AB n A ,
where n A(B) is the concentration for A(B) dipolar excitons, g AA(BB) and g AB are the exciton-exciton coupling constants for the interaction between two A dipolar excitons, two B dipolar excitons and for the interaction between A and B dipolar excitons, respectively, A A and A B are the constants, determined by A and B dipolar exciton binding energy, correspondingly, and the gap, formed by a spin-orbit coupling for the A (B) dipolar exciton [20] . One can obtain from Eq. (A1) the following equation:
where n = n A + n B is the total 2D concentration of excitons. Below we present the expressions for the coupling constant g for the both Keldysh and Coulomb potentials for the interaction between the charge carriers.
According to the procedure presented in Refs. [20, 38] , two dipolar excitons cannot be closer to each other than at the distance R 0i , which is determined by the condition, following from the fact that the energy of two dipolar excitons cannot exceed the doubled chemical potential µ of the system, i.e. [20] ,
where U (R) is the potential of interaction between the dipolar excitons separated at the distance R. Using Eqs. (A1), (A2), and (A3), one obtains
Let us mention that the third equation in Eq. (A4) can be replaced by the following:
Then the system of the equations (A4) can be formed by the first and the second equations from Eq. (A4) and Eq. (A5). Substituting Eqs. (19) and (21) into Eq. (A4), one obtains the following system of three equations for R 0i for the Keldysh potential: 
